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We study in-medium spectral properties of charmonia in the vector and pseudoscalar channels at
nonzero momenta on quenched lattices, especially focusing on their dispersion relation and weight
of the peak. We measure the lattice Euclidean correlation functions with nonzero momenta on the
anisotropic quenched lattices and study the spectral functions with the maximum entropy method.
The dispersion relations of charmonia and the momentum dependence of the weight of the peak are
analyzed with the maximum entropy method together with the errors estimated probabilistically in
this method. We find significant increase of the masses of charmonia in medium. It is also found
that the functional form of the charmonium dispersion relations is not changed from that in the
vacuum within the error even at T ' 1.6Tc for all the channels we analyzed.
PACS numbers: 11.10.Wx, 11.15.Ha, 12.38.Mh, 14.40Pq
I. INTRODUCTION
Understanding properties of heavy quarkonia in hot
medium near and above the critical temperature Tc of
the deconfinement phase transition is one of the impor-
tant subjects in relativistic heavy ion collisions [1, 2].
It is believed that, by understanding the stabilities of
heavy quarkonia, their yields in heavy ion collisions can
be used as a signal of the formation of the quark-gluon
plasma [3]. Because of their heavy mass, heavy quarks
(charm and bottom quarks and their antiparticles) also
serve as unique theoretical and experimental probes to
diagnose the properties of the hot medium, such as the
heavy-quark potential [4] and the transport properties
[5]. Experimental progress in this field, such as the isola-
tion of charm and bottom quarks using the silicon vertex
tracker [6], will enrich the study of heavy quarks further.
The hot matter created by heavy ion collisions with
temperature (T ) near Tc is believed to be a strongly in-
teracting system. Lattice QCD is a powerful method to
investigate such a region of QCD at which nonpertur-
bative effects will play a crucial role. The study of the
properties of charmonia at finite temperature is one of
the longstanding subjects on the lattice [7–15]. In lattice
QCD numerical simulations, which rely on the imaginary
time formalism, however, one cannot analyze dynami-
cal properties encoded in spectral functions directly. In-
stead, only Euclidean correlation functions are calculable
on the lattice. To obtain the spectral functions from the
Euclidean correlators, one has to take an analytic contin-
uation from imaginary time to real time. The maximum
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entropy method (MEM) is a useful method to perform
this analytic continuation on the basis of probability the-
ory. [16, 17]. The studies of charmonium spectral func-
tions with MEM qualitatively agree with each other in
that the charmonia in the vector and pseudoscalar chan-
nels survive up to around T ' 1.5Tc [7, 8, 10, 15].
In the previous studies on heavy quarkonia on the lat-
tice, the analyses have been performed only for zero mo-
mentum with a few exceptions [18–22]. The spectral
function with zero momentum represents the spectral
properties of a charmonium at rest in medium. On the
other hand, charmonia in the hot medium created by
heavy ion collisions typically have nonnegligible velocity
against the rest frame of the medium because charmonia
generated by hard processes in the early stage can have
large momentum. The finiteness of the velocity of char-
monia may modify their properties, such as the stability
[23] and the dispersion relation, i.e. the momentum de-
pendence of energy. Here it is worthwhile to note that
such modifications of the dispersion relations in medium
are suggested in various systems [24–26], and such a mod-
ification can give rise to novel phenomena such as van
Hove singularity [27–30]. It thus is interesting to explore
the momentum dependence of spectral functions of char-
monia and their dispersion relations near and above Tc
with the first principle simulation on the lattice. The
purpose of the present study is to perform a quantita-
tive study on the momentum dependence of charmonium
spectral functions on the lattice with MEM.
In this study we explore the properties of charmonia
in the vector and pseudoscalar channels, corresponding
to J/ψ and ηc, respectively, at nonzero momenta on
anisotropic quenched lattices. In addition to the stan-
dard analysis of the spectral functions in MEM, we study
the dispersion relations and the momentum dependence
of the spectral weights of the J/ψ and ηc peaks on the ba-
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2sis of MEM. To perform the measurement of the disper-
sion relation with a quantitative error analysis in MEM,
we analyze the center of weight of the peak in the spectral
function. As we will see later, this quantity is identical
to the peak position for sufficiently narrow peaks, but
error analysis can be carried out in MEM. Similarly, we
analyze the weight of the peak, which corresponds to the
residue of the peak, with the error analysis. For the vec-
tor channel, the transverse and longitudinal components
are investigated separately in the analysis.
We find that the masses of J/ψ and ηc defined by the
dispersion relation at zero momentum show significant
increase as T is raised. It is also found that the disper-
sion relation of charmonia continues to take the Lorentz
covariant form, i.e. the same form as in the vacuum, even
well above Tc within the error. Our numerical analysis
also suggests that the weight of the peak at finite temper-
ature does not have momentum dependence within the
error.
This paper is organized as follows. In Sec. II, we intro-
duce the spectral function and summarize its properties.
We then discuss MEM in Sec. III. The error estimate
in this method and the quantities corresponding to the
dispersion relation and spectral weight of charmonia are
discussed in this section. In Sec. IV, we show our lattice
set up. We then discuss the numerical results in Sec. V.
Sec. VI is devoted to conclusion.
II. EUCLIDEAN CORRELATOR AND
SPECTRAL FUNCTION
Dynamical properties of charmonia are encoded in the
Euclidean correlators
Glm(τ, ~p) =
∫
d3xei~p·~x
〈
J l(τ, ~x)Jm†(0,~0)
〉
, (1)
where the imaginary time τ is restricted to the interval
0 ≤ τ < 1/T and J l(τ, ~x) = c¯(τ, ~x)iγlc(τ, ~x) is the local
interpolating operator in the Heisenberg representation
with the charm quark field c(τ, ~x) with l = 0, 1, 2, and
3 for the vector channel and l = 5 for the pseudoscalar
channel. The spectral function Alm(ω, ~p) is defined as
the imaginary part of the retarded correlator GlmR (ω, ~p)
divided by pi,
Alm(ω, ~p) =
1
pi
Im
[
GlmR (ω, ~p)
]
, (2)
where
GlmR (ω, ~p) =
∫ ∞
−∞
dt
∫
d3~xe−i~p·~x+iωtGlmR (t, ~x), (3)
GlmR (t, ~x) = iθ(t)〈[J l(t, ~x), Jm†(0,~0)]〉. (4)
The diagonal components of the spectral functions
All(ω, ~p) are related to Eq. (1) by the Laplace-like trans-
formation as
Gll(τ, ~p) =
∫ ∞
0
K(τ, ω)All(ω, ~p)dω, (5)
with
K(τ, ω) =
e−τω + e−(1/T−τ)ω
1− e−ω/T . (6)
In the following, we represent the diagonal components
of the spectral functions as
Al(ω, ~p) = All(ω, ~p). (7)
In the vacuum, as a consequence of Lorentz invariance
and charge conservation, the vector spectral function can
be represented as
Aµν(ω, ~p) =
(
pµpν
P 2
− gµν
)
AV(P
2), (8)
with µ, ν = 0, 1, 2, and 3 and P 2 = ω2−|~p|2. When there
is a bound state which couples to J l, the correspond-
ing spectral function AV(ω, p) = AV(P
2) or APS(ω, p) =
A5(ω, ~p) has a peak structure around ω ' ±E(p), where
E(p) is the dispersion relation of the bound state with
p = |~p|. The peak structure is approximately be given by
a delta function,
Zδ(ω2 − E(p)2) = Z
2E(p)
δ (ω − E(p)) , (9)
where the right hand side represents the peak at ω > 0,
and Z > 0 is the residue. Because of Lorentz invariance,
E(p) in the vacuum is given by
E(p) =
√
m2 + p2, (10)
where m is the mass of the bound state. It is also shown
from Lorentz invariance that Z in Eq. (9) does not have
momentum dependence.
The property of the bound state peak in Eqs. (9) and
(10) is modified at finite temperature. First, the width of
the peak becomes larger and the delta function in Eq. (9)
is replaced by a smooth function with a peak. Second, be-
cause Lorentz invariance is lost in medium, Z can depend
on momentum. The dispersion relation E(p) can also be
modified from the Lorentz covariant form Eq. (10).
At finite temperature, Aµν(ω, ~p) in Eq. (8) is decom-
posed into the transverse and longitudinal components
as [31]
Aµν(ω, ~p) = PµνT AT(ω, p) + P
µν
L AL(ω, p), (11)
where the projection operators onto the transverse and
longitudinal components, PT and PL, respectively, are
defined as
P 00T = P
0i
T = P
i0
T = 0, (12)
P ijT = δ
ij − pipj/p2, (13)
PµνL = p
µpν/P 2 − gµν − PµνT , (14)
with i, j = 1, 2, and 3. The transverse and longitudi-
nal spectral functions AT(ω, p) and AL(ω, p) are identi-
cal in the vacuum, AT(ω, p) = AL(ω, p) = AV(ω, p), from
3Eq. (8). When the momentum is taken as ~p = (p, 0, 0),
AT(ω, p) and AL(ω, p) are related to A
i(ω, ~p) as
AT(ω, p) =
1
2
(
A2(ω, ~p) +A3(ω, ~p)
)
, (15)
AL(ω, p) =
ω2 − p2
ω2
A1(ω, ~p). (16)
From the general property of the spectral function,
Al(ω, ~p) are semi-positive for ω > 0 [31]. The semi-
positivity of AT(ω, p) is then guaranteed from Eq. (15).
On the other hand, Eq. (16) shows that AL(ω, p) is semi-
negative in the space-like region 0 < ω < p.
III. MAXIMUM ENTROPY METHOD
In this section we give a briefly review of MEM and
show how the dispersion relations and spectral weights
of charmonia are estimated in our analysis using MEM.
To obtain the spectral function from the lattice Eu-
clidean correlator, we have to take the inverse transfor-
mation of Eq. (5). MEM [16, 17] is a method to infer
the most probable image of the spectral function from a
limited number of data points for a Euclidean correlator
on the basis of Bayes’ theorem.
In the analysis of a spectral function A(ω) correspond-
ing to a Euclidean correlator G(τ) obtained in a Monte
Carlo simulation with Eq. (5), the most important quan-
tity is the χ-square,
χ2 =
∑
i,j
(G(τi)−GA(τi))C−1ij (G(τj)−GA(τj)) , (17)
where the correlation between different temporal points
τi is encoded in the covariance matrix Cij , i and j run
over discrete temporal points and GA(τi) is the correlator
defined by Eq. (5) from the spectral function A(ω).
In the standard least-square method, A(ω) is deter-
mined so as to minimize Eq. (17). Because the number
of the degrees of the freedom of the continuous function
A(ω) is larger than the one of the discrete data for G(τ),
however, the minimum of χ2 is heavily degenerating. To
choose one, some ansatz to constrain the functional form
of A(ω) is required.
In order to remove this degeneracy, MEM introduces
a prior probability represented by the Shannon-Jaynes
entropy [32],
S =
∫ ∞
0
[
A(ω)−m(ω)−A(ω) log
(
A(ω)
m(ω)
)]
dω, (18)
where the default model m(ω) expresses prior knowl-
edge. From Bayes’ theorem, it is obtained that the condi-
tional probability of having A(ω) from G(τ) and the prior
knowledge is proportional to P (A,α) = exp[Q(A,α)]
[17], where
Q(A,α) = αS(A)− 1
2
χ2(A). (19)
The parameter α controls the relative weight between χ2
and S. It is known that the spectral image that max-
imizes P (A,α) for a given α is unique if it exists [17].
The final output image Aout(ω) is obtained by integrat-
ing A(ω) with a weight P (A,α) over α and A space as
Aout(ω) = 〈〈A(ω)〉〉, (20)
where
〈〈O〉〉 = 1
ZP
∫
dα
∫
[dA]P (A,α)O, (21)
is the average over the plausibility P (A,α) with ZP ≡∫
dα
∫
[dA]P (A,α). Here, the measure [dA] is defined as
[dA] ≡ lim
Nω→∞
Nω∏
l=1
dAl√
Al
, (22)
with the discretized spectral function Al = A(ωl) with
discrete ω values ωl [17]. When P (A,α) is sharply peaked
around Aα(ω), Eq. (20) is well approximated as
Aout(ω) ' 1
ZP
∫
dαAα(ω)P (α), (23)
where
P (α) ≡
∫
[dA]P (A,α). (24)
A. Error analysis
A characteristic of MEM is that this method enables
us to estimate the error of quantities given by the integral
of a function of Aout(ω) quantitatively.
Let us consider a quantity given by the weighted inte-
gral of A(ω) with a weight function f(ω) and an interval
I = [ωmin, ωmax],
W =
∫
I
f(ω)A(ω)dω. (25)
In MEM, the average of W is estimated as
〈W 〉 =
〈∫
I
dωf(ω)A(ω)
〉
, (26)
and the error of 〈W 〉 is given by the variance of W in
P (A,α) space as
∆W =
√
〈〈(δW )2〉〉, (27)
where δW = W − 〈〈W 〉〉.
Typically, the magnitude of the error estimated in
this way becomes larger as the interval I becomes nar-
rower. In particular, when one makes the error estimate
of Aout(ω) at a given ω with f(ω
′) = δ(ω′ − ω), one ob-
tains a huge error ∆Aout(ω) Aout(ω). This means that
4the functional form of Aout(ω) itself does not have quan-
titative meaning. For example, it does not make sense to
distinguish whether the functional form of a peak struc-
ture in Aout(ω) is Gaussian or Lorentzian in MEM. The
values of the position and width of the peak do not have
statistically relevant meanings, either. In order to obtain
a moderate value of the error, the interval I has to be
chosen sufficiently large. This limitation of the analysis is
associated with reconstructing apparently more informa-
tion than the original one. Even if the correlators G(τi)
for discrete τi’s are determined with an infinitesimal sta-
tistical error, the reconstructed image Aout(ω) still have
error. This is because the error in MEM includes intrin-
sic one associated with the introduction of the entropy,
in addition to statistical one. Thus, for instance, it is
not sufficient to estimate the error in the result with the
Jackknife methods, which takes account of only the sta-
tistical error. The error analysis with Eq. (27) is essential
and absolutely necessary [17].
B. Dispersion relation and residue
In this study, we focus on the dispersion relation and
the momentum dependence of the spectral weight of the
J/ψ and ηc. To study these quantities with error es-
timates in MEM, we have to represent E(p) and Z in
Eq. (9) in the form in Eq. (25).
For such a quantity corresponding to the residue Z, we
consider
Z¯(p) =
∫
I
dω2ωA(ω, p), (28)
for a peak in a spectral function A(ω, p), where I is the
interval of ω which covers the peak structure. By sub-
stituting Eq. (9) into Eq. (28) one easily finds that for
the delta function Eq. (9) we have Z¯(p) = Z. When
the interval I does not include other structures in A(ω),
therefore, Z¯(p) corresponds to Z. Note that Z¯(p) defined
by Eq. (28) is meaningful only for well isolated peaks for
which such a choice of I is possible. Since Eq. (28) has
the form given in Eq. (25), Z¯(p) is a quantity which can
be estimated in MEM with error.
Next, to analyze the dispersion relation in MEM, we
consider the center of the weight of a peak of the dimen-
sionless spectrum A(ω)/ω2, which is given by
E¯(p) =
∫
I
dωω(A(ω, p)/ω2)∫
I
dω(A(ω, p)/ω2)
. (29)
By substituting Eq. (9) into Eq. (29), it is again checked
that E¯(p) = E(p) for this case. In practical analysis, we
calculate Eq. (29) as
E¯(p) =
〈〈∫
I
dωω(A(ω, p)/ω2)〉〉
〈〈∫
I
dω(A(ω, p)/ω2)〉〉 , (30)
in order to perform the analysis with the saddle point
approximation for P (A,α) [17]. In the error analysis for
TABLE I. Lattice simulation parameters.
T/Tc Nτ Nσ Nconf
1.70 44 64 700
1.62 46 64 500
1.56 48 64 500
1.49 50 64 500
1.38 54 64 500
0.78 96 64 500
Eq. (30), we take account of the correlation between the
numerator and denominator using the general formula of
error propagation. Because the numerator and denomi-
nator are positively correlated, the inclusion of this cor-
relation leads to the suppression of the error of Eq. (30).
In the above discussions, the definitions of Z¯(p) and
E¯(p) depend on the energy interval I. Because the choice
of the interval has an arbitrariness, in the analyses of
these quantities one has to check the dependence of Z¯(p)
and E¯(p) on the interval I by varying it in a moderate
range. This analysis will be performed in Sec. V C. As
we will see there, the peaks corresponding to the J/ψ
and ηc analyzed in this study are well isolated and our
results on Z¯(p), E¯(p), and their errors are insensitive to
the choice of I.
IV. SIMULATION SET UP
In this study, we measure the momentum dependence
of charmonium correlation functions Eq. (1) in the vec-
tor and pseudoscalar channels on quenched anisotropic
lattices with the standard Wilson gauge action and Wil-
son fermion. The simulation parameters are β = 7.0, the
bare anisotropy ξ0 = 3.5, the spatial hopping parameter
κσ = 0.08285, and the fermion anisotropy γF = 3.476
[7]. The anisotropy ξ = aσ/aτ is 4 with the lattice spac-
ings along spatial and temporal directions, aσ and aτ ,
respectively. The temporal lattice spacing in physical
unit is aτ = 0.00975 fm [7]. In Table. I, we summarize
the lattice parameters, the lattice volumes N3σ ×Nτ , the
temperature T in the unit of Tc [7], and the number of
configurations Nconf . We fix the lattice size for spatial di-
rection to Nσ = 64. With the aid of the large anisotropy,
our lattice has a large spatial volume; in physical unit the
spatial length is Lσ ' 2.5 fm. The aspect ratio ξNσ/Nτ
is 5.1 for Nτ = 50. The large spatial extent enables a de-
tailed study of the momentum dependence of the quan-
tities on the lattice. With a periodic boundary condition
along spatial direction, the momentum of bosons on the
lattice is discretized as
pi =
2
aσ
sin
(
pipˆi
Nσ
)
, (31)
with integer pˆi in −Nσ/2 < pˆi ≤ Nσ/2. In the analysis
of Euclidean correlators we take the momentum along
1 direction, i.e. ~p = (p, 0, 0). The largest lattice with
5Nτ = 96 and T/Tc = 0.78 is regarded as the vacuum
one, in which the medium effects are well suppressed.
To improve statistics, we have measured the correla-
tion functions eight times on each gauge configuration
with different positions of the point source. The eight
sources are located on two timeslices separated by Nτ/2
with four sources in each timeslice with maximal separa-
tion. The correlation function on a configuration is then
defined by the average of these eight measurements. We
have checked that the statistics improves about
√
8 times
with this treatment, suggesting that the correlation be-
tween eight measurements is well suppressed. Because
of this treatment, our numerical analyses have an advan-
tage in the statistics of the correlation function compared
to the previous studies. The number of Nτ is also large
in our analyses thanks to the large anisotropy compared
to the other studies of spectral functions in MEM. These
characteristics of our analysis enable us to obtain numer-
ical results with high resolution.
In the MEM analysis of spectral functions, we use a de-
fault model m(ω) = m0ω
2+m1Tω [33], where m0 = 1.15
for the pseudoscalar channel and m0 = 0.40 for the vector
channel [7]. We analyzed the default model dependence
of the reconstructed spectral function by changing m0
and m1: m0 is varied in the 50% range from the above
values, while the dependence on m1 is also checked in
the range 0 ≤ m1 ≤ 2.0. We found that the depen-
dence on m0 and m1 is well suppressed in this range
near the peak of the J/ψ and ηc; the change of the spec-
tral image caused by the variation of m0 and m1 in these
ranges around the charmonium peak is less than a few
percent. In the following analyses we thus set m1 = 0.
For nonzero p and large ω, it may be better to replace the
default model by m(ω) = m0(ω
2− p2) as suggested from
Lorentz invariance. We have performed MEM analysis
with a default model
m(ω) =
{
m0(ω
2 − p2) ω2 ≥ p2 + 
m0 ω
2 < p2 + 
, (32)
with several choices of small parameter . We, however,
found that the default model dependence of our results
is well suppressed again around the peak of the J/ψ and
ηc, and the following numerical results hardly change.
For the analysis of AT(ω, p) and APS(ω, p), we
reconstruct them from the corresponding correlators
GT(τ, p) = (G
2(τ, ~p) + G3(τ, ~p))/2 and GPS(τ, p) =
G5(τ, ~p). On the other hand, AL(ω, p) can become nega-
tive and one cannot apply MEM to this channel directly.
We thus analyze A1(ω, ~p) from G1(τ, ~p) with MEM and
obtain AL(ω, p) using Eq. (16).
For sets of gauge configurations with Nτ = 48 and 54,
we observed that the reconstructed spectral images ob-
tained in MEM analysis behave in an unreasonable way
in some channels. We found that the error of the spectral
functions tends to become large when such behaviors are
observed. For example, although the spectral functions
Ai(ω, ~p) with ~p = 0 should be degenerated for i = 1, 2,
and 3 because of rotational invariance, for Nτ = 48 and
54, we observed that the reconstructed images of Ai(ω, ~p)
behave in qualitatively different ways. It is also found
that P (α) as a function of α has rapid changes for some
values of α when such a pathological behavior is observed
in MEM analysis. We have checked that these results do
not come from the numerical resolution in our MEM al-
gorithm by changing the numerical precision of our code.
We have also checked that they do not depend on the
choice of the default model. This problem is discussed in
detail in Appendix A. In this study, we simply exclude
Nτ = 48 and 54 in the following discussion and concen-
trate on Nτ = 44, 46, 50, and 96, which do not show
such behaviors.
In the analysis of the dispersion relation Eq. (30)
and the weight of the peak Eq. (28), the interval I =
[ωmin, ωmax] has to be chosen appropriately. In this study,
we set ωmin = 3 GeV, while for the upper bound ωmax we
use the value of ω at which the spectral function takes the
first local minimum on the right of the peak correspond-
ing to the J/ψ or ηc. We found that our numerical results
for Z¯(p) and E¯(p), as well as their errors, are insensitive
to the choice of the lower bound ωmin; for example, these
quantities do not change within the numerical precision
even if ωmin is set to 2 GeV. Our numerical analysis sug-
gests that the results of Z¯(p) and E¯(p) hardly change for
a variation of the lower and/or upper limits of I in the
range where the reconstructed image takes a small value.
The dependence of our results on the choice of ωmax will
be discussed in Sec. V C.
V. NUMERICAL RESULTS
A. Correlation function
In this section, we show the numerical results. We first
see the momentum dependence of the correlation func-
tions. Figure 1 shows the correlation functions G1(τ, ~p)
and GT(τ, p) in the vector channel normalized by those
with zero momentum,
GV(τ, 0) =
1
3
∑
i=1,2,3
Gi(τ,~0), (33)
for various values of pˆ below and above Tc. In the fig-
ure, the ratios G1(τ, ~p)/GV(τ, 0) and GT(τ, p)/GV(τ, 0)
are plotted by the dashed and solid lines, respectively.
The errors in the figure are estimated for the ratios
G1(τ, ~p)/GV(τ, 0) and GT(τ, p)/GV(τ, 0) by the jackknife
method; because of the strong correlation between corre-
lation functions with different p, these errors are sup-
pressed compared with those of the correlation func-
tions themselves. The figure shows that the ratios
G1(τ, ~p)/GV(τ, 0) and GT(τ, p)/GV(τ, 0) become smaller
as p is increased. This behavior is consistent with Eqs. (5)
and (9) because as E(p) becomes larger, the contribution
of the bound state to the correlation function is more sup-
pressed. The figure also shows that G1(τ, ~p) and GT(τ, p)
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FIG. 1. Momentum dependence of correlation functions
for the vector channel, G1(τ, ~p) and GT(τ, p), normalized by
the correlation function with zero momentum GV(τ, 0) for
T = 0.78Tc (upper) and T = 1.62Tc (lower). The dashed and
solid lines represent G1(τ, ~p) and GT(τ, p), respectively.
behave differently even at T = 0.78Tc. As momentum
become larger, the separation becomes more prominent
with GT(τ, p) < G
1(τ, ~p). As we discussed in Sec. II,
AT(ω, ~p) = AL(ω, ~p) = AV(P
2) in the vacuum. From
Eq. (16) we thus have
AT(ω, p) =
ω2 − p2
ω2
A1(ω, ~p). (34)
Because the factor (ω2 − p2)/ω2 is always smaller than
unity, we have AT(ω, p) ≤ A1(ω, ~p), which leads to
GT(τ, p) ≤ G1(τ, ~p). Similar behavior is observed for
T = 1.62Tc.
B. Spectral function
Next, we analyze the T dependence of the spectral
functions with MEM and study the existence of the peaks
corresponding to the J/ψ and ηc at finite temperature.
The upper and lower panels of Fig. 2 show the spectral
functions with zero momentum in the vector and pseu-
doscalar channels, respectively. The error bars for the
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FIG. 2. Spectral functions at T/Tc = 0.78, 1.49, 1.62, and
1.7 at zero momentum. The upper and lower panels show the
vector and pseudoscalar channels, respectively. The horizon-
tal lines show the averages of the spectral functions for some
ranges of ω and their errors at T/Tc = 1.62 and 1.70.
average of the spectral function for some intervals of ω
estimated by Eq. (27) are shown by three horizontal lines
for T/Tc = 1.62 and 1.70. The central lines show the av-
erages of the spectral functions in the interval covered
by the line, and the top and bottom ones indicate its
1σ error band. The result of the error analysis in the
vector channel suggests that the peak corresponding to
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FIG. 3. Momentum dependence of the spectral functions at
T = 1.62Tc. The upper and lower panels show the vector and
pseudoscalar channels, respectively. The error bars are shown
for averages of the spectral functions for the vector channel
at pˆ = 6 and for the pseudoscalar channel at pˆ = 3 and 6.
the J/ψ exists at T = 1.62Tc with probabilistic signifi-
cance. On the other hand, for the pseudoscalar channel
at T = 1.62Tc, the error for the peak structure corre-
sponding to the ηc has a small overlap with the error
which is put for the right side valley of the structure.
This shows that the plausibility of the existence of the
peak is smaller than that for the vector channel. In other
words, absence of the peak of ηc at T = 1.62Tc cannot
be excluded by 1σ.
In order to discuss the existence of the peak in the
pseudoscalar channel at T = 1.62Tc and the momentum
dependence of the peaks, we next show the momentum
dependence of the spectral functions in the vector and
pseudoscalar channels at T = 1.62Tc in the upper and
lower panels in Fig. 3, respectively. In the upper panel,
AT(ω, p) and AL(ω, p) are shown by the solid and dashed
lines, respectively. In the lower panel, the errors for the
peaks of the spectral functions in the pseudoscalar chan-
nel are shown for pˆ = 3 and 6. The lower panel suggests
that the peak corresponding to the ηc exists at pˆ = 3
and 6. The existence of the J/ψ peak in the vector chan-
nel at nonzero momenta is also indicated from the upper
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FIG. 4. Momentum dependence of the spectral functions
AT(ω, p) and AL(ω, p) in the vector channel at T = 0.78Tc.
Errors for the average of the spectral functions are shown for
pˆ = 4 and 6.
panel. We thus suppose that the J/ψ and ηc survive up
to T = 1.62Tc, which is a consistent result as in previous
works [7, 8], The possibility that the existence of the peak
depends on p for T = 1.62Tc, however, is not excluded in
these analyses.
Figure 3 also shows that the peaks corresponding to the
J/ψ and ηc are well isolated from the second structure in
the spectral functions. This suggests that the dependence
of Z¯(p) and E¯(p) on ωmax is suppressed so that these
quantities can be analyzed with small ambiguity.
In Fig. 4, we show the momentum dependence of the
spectral functions in the vector channel, AT(ω, p) and
AL(ω, p), for T = 0.78Tc. To see the separation of the
transverse and longitudinal channels, we show the errors
for the averages of AT(ω, p) and AL(ω, p) with the same
energy interval for pˆ = 4 and 6. From the figure, one ob-
serves that the spectral functions in the transverse and
longitudinal channels agree with each other within the er-
ror. This result is consistent with the vacuum property
of the spectral functions discussed in Sec. II. It, however,
is worth emphasizing that this agreement is obtained al-
though AT(ω, p) and AL(ω, p) are constructed from com-
pletely different correlation functions as shown in Fig. 1.
From the upper panel in Fig. 3, one also finds that the
degeneracy of AT(ω, p) and AL(ω, p) is observed even for
T = 1.62Tc. This is a nontrivial result because these
functions can behave differently because of the lack of
Lorentz invariance.
C. Residue and dispersion relation
Next, we turn to Z¯(p) and E¯(p). In Fig. 5, we
show the momentum dependence of Z¯(p) obtained with
Eq. (28) for the vector and pseudoscalar channels for
T/Tc = 0.78, 1.49, and 1.62. In the figure, the nor-
malized results, Z¯(p)/Z¯(0), are plotted in order to see
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FIG. 5. Ratio of the residues of the peaks, Z¯(p)/Z¯(0), corre-
sponding to the J/ψ (upper) and ηc (lower). The transverse
(T) and longitudinal (L) components are shown in the upper
panel.
the momentum dependence of Z¯(p). The errors in the
figure include only the one of the numerator of the ratio
estimated by MEM. The figure shows that Z¯(p) does not
have momentum dependence within the error for all the
temperatures and all the channels for which we carried
out analysis. This result is reasonable for T/Tc = 0.78,
at which the medium effects should be well suppressed.
Our analysis, however, show that Z¯(p) is insensitive to
p even at T/Tc = 1.49 and 1.62, which is a nontrivial
result.
We note that the errors of Z¯(p)/Z¯(0) in Fig. 5 would be
reduced if we take into account the correlation between
Z¯(p) and Z¯(0). In order to estimate the correlation, how-
ever, one has to perform the MEM analysis for two dif-
ferent correlation functions in a single analysis. Because
we perform the MEM analysis for individual momenta,
this correlation cannot be estimated in our analysis.
To see the medium effects on the dispersion relation,
we show the results on E¯(p) in Fig. 6. In the figure,
we plot the square of this quantity (E¯(p))2 as a function
of p2, since this plot is convenient to see the deviation
of E¯(p) from the vacuum dispersion relation Eq. (10).
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FIG. 6. Dispersion relations E¯(p) of the J/ψ (upper) and
ηc (lower) for T/Tc = 0.78, 1.49, and 1.62. The dashed lines
indicate the vacuum dispersion relation Eq. (10) with m =
E¯(0).
T/Tc 0.78 1.49 1.62
J/ψ 3.24(6) 4.30(16) 4.47(16)
ηc 3.19(5) 4.24(31) 4.49(48)
TABLE II. Masses of the ground states of the charmonia in
the vector and pseudoscalar channels defined by m¯ = E¯(0).
From the figure, one first observes that the masses of the
charmonia, defined by m¯ = E¯(0), become larger as T is
increased. The values of m¯ in the vector and pseudoscalar
channels at T/Tc = 0.78, 1.49, and 1.62 are listed in Ta-
ble II. Although such a mass shift in MEM analyses were
suggested in previous study [19], our analysis confirms
the medium effects on the mass of the charmonia with a
quantitative error analysis for the first time.
In Fig. 6, the vacuum dispersion relation Eq. (10)
with m = m¯ is shown by the dashed lines. The figure
shows that the functional form of E¯(p) is consistent with
Eq. (10) within statistics even at T/Tc = 1.49 and 1.62.
In order to see the dependence of these results on the
choice of the interval I = [ωmin, ωmax], in Fig. 7 we show
the ωmax dependence of E¯(p = 0) for Nτ = 46 in the
vector channel with ωmin = 3 GeV. The value of ωmax
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FIG. 7. ωmax dependence of E¯(p = 0) for Nτ = 46 for the
J/ψ peak in the vector channel. The lower bound is fixed
to ωmin = 3 GeV. The vertical dashed line shows the local
minimum between the first and second peaks.
used in Fig. 6, i.e. the minimum of the spectral function
between the first and second peaks, is shown by the ver-
tical dashed line. The figure shows that the value and
error of E¯(p) are insensitive to the choice of ωmax. In
fact, the variation of the result with the change of ωmax
in ±500 MeV is about four times smaller than the error.
The same conclusions holds also for the other cases and
for Z¯(p). As discussed already in Sec. IV, the numerical
results hardly change with the variation of ωmin. For ex-
ample, when we choose the lower bound as ωmin = 2 GeV,
the numerical result overlaps with that in Fig. 7 within
numerical precision. These results suggest that our anal-
ysis of E¯(p) is insensitive to the choice of the interval I
and thus is well justified.
The results in Figs. 5 and 6 suggest that the momen-
tum dependence of the charmonia hardly changes from
the Lorentz covariant one in Eqs. (9) and (10) even well
above Tc, although the rest mass m is significantly in-
creased as T is raised. In vector channels, we do not
observe difference between the transverse and longitudi-
nal components within the error in MEM analysis even at
finite temperature. These results are nontrivial because
Lorentz symmetry is lost in medium, and quite interest-
ing from the phenomenological points of view.
VI. CONCLUSION
In this paper, we study the properties of charmonia at
nonzero momentum in the vacuum and in medium with
the lattice Euclidean correlation functions in the pseu-
doscalar and vector channels with MEM. The transverse
and longitudinal components for the vector channel are
analyzed separately. In addition to the standard analysis
of spectral functions, we focus on the residue and disper-
sion relations for charmonia. To analyze these quantities
with error in MEM, we have introduced the definitions
in Eqs. (28) and (29). We have numerically checked that
the peaks corresponding to the J/ψ and ηc can be studied
by this analysis, as they are well isolated and the results
are insensitive to the choice of the interval I.
In the vacuum, the dispersion relations for charmo-
nia in all channels, pseudoscalar and vector, are consis-
tent with the Lorentz covariant form and the residues
for the bound states do not show the momentum depen-
dence. In the vector channel, the peaks for the trans-
verse and longitudinal components agree with each other
within probabilistic significance. At finite temperature,
we find the significant mass enhancement of charmonia
as medium effects. On the other hand, the dispersion
relations are consistent with that in the vacuum even at
T ' 1.6Tc within probabilistic significance in MEM. Dif-
ference of the spectral functions between the transverse
and longitudinal components in the vector channel is not
observed. These results suggest an interesting observa-
tion that the medium effect on momentum dependence is
well suppressed, although further improvement in statis-
tics is required to obtain more accurate conclusion. We
finally remark that these results cannot be explained by
the na¨ıve potential model. It is not explained by the
threshold enhancement [34], either. These results sug-
gest that the mass shift at finite temperature is caused
by the nonperturbative interaction between charmonia
and gluons in the medium.
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Appendix A: Failure of MEM analysis
As discussed in Sec. IV, in our MEM analysis we ob-
served that the output spectral images behave in an un-
reasonable way in some channels and momenta on several
sets of configurations. In this appendix, we discuss this
problem in detail and show a criterion to remove them
from the analysis.
Let us first specify the problem. In Fig. 8, we show
the spectral functions in the vector channel at zero mo-
mentum Ai(ω, ~p = 0) obtained by MEM for i = 1, 2,
and 3 with Nτ = 54 (T = 1.38Tc). Because of rota-
tional symmetry, these three spectral functions have to
degenerate. Moreover, since our analysis discussed in
Sec. V B shows the existence of a peak corresponding to
the J/ψ at T/Tc = 1.49 and 1.62, the spectral function
for T = 1.38Tc should also have the peak. In Fig. 8, we
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FIG. 8. Reconstructed spectral images Ai(ω,~0) with i =
1, 2, and 3 and for Nτ = 54. The errors for the first peak in
the spectral functions are measured at the same ω interval.
indeed observe the peak in A2(ω,~0) and A3(ω,~0). The
peak, however, is not observed in A1(ω,~0). This result
shows that the reconstruction of the spectral image in
MEM does not work well for A1(ω,~0). In the figure, the
errors for the averages of Ai(ω,~0) around the J/ψ peak
are also shown. The result shows that the averages for
all channels agree with one another within the error, al-
though the error for A1(ω,~0) is large. In this sense, the
MEM analysis gives the consistent results for these three
channels. It, however, seems obvious from the figure that
the MEM analysis for A1(ω,~0) is not working well com-
pared with the other two channels.
We observed this kind of unstable results in some chan-
nels and momenta for Nτ = 48 and 54. We have checked
that the increase of statistics does not always resolve this
problem; this problem sometimes manifests itself when
the number of gauge configurations is increased. We have
also checked that this problem does not come from the fi-
nite numerical precision in our MEM code by confirming
that the same problem shows up even if we change the nu-
merical precision in our code from double to quadruple.
It has been also checked that the change of the default
model does not cure this problem.
We found that when the output spectral image shows
an unstable behavior, the probability P (α) in Eq. (24)
behaves pathologically as a function of α. In Fig. 9, we
show the probabilities P i(α) for the three channels cor-
responding to the results in Fig. 8. In the figure, P i(α) is
shown for 25 jackknife samples, i.e. the results for 25 sets
of configurations in which 1/25 succeeding configurations
are removed from the total configurations. From the fig-
ure, one finds that P 1(α) has an almost discontinuous
kink structure while P 2(α) and P 3(α) behave smoothly
as a function of α. The figure also shows that the ex-
istence of the kink is robust against the small variation
of the set of gauge configurations. We found that when
P (α) has such kink structures, the output spectral image
behaves in an unstable way as in A1(ω, ~p) in Fig. 8.
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FIG. 9. α dependence of P i(α) with i = 1, 2, and 3. The
results are shown for 25 jackknife samples for each i. The
reference point of the vertical axis is arbitrary.
At present, we have not clarified the origin of this
pathological behaviors. One possibility for the origin of
this behavior is the numerical precision of the lattice sim-
ulation and correlation functions. The numerical simula-
tions, however, have been performed in double precision
and it is difficult to alter the precision.
The pathological behavior of P (α) is observed on the
analysis for Nτ = 54 and 48, while we do not observe it
for Nτ = 96, 50, 46, and 44. In our study, we simply
exclude the results of Nτ = 54 and 48 from our analysis
and concentrate on the other four Nτ values, which do
not have the problem.
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